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Abstract 

In this article we study correspondence between the microscopic spectrum 
and macroscopic properties of a class of extremal and non-extremal black 
branes and outline an origin of the interactions among various microstates of 
a given black brane configuration from the perspective of an intrinsic Rieman- 
nian geometry arising from the coarse graining entropy over a large number 
of microstates. We have analyzed the state-space geometry in the case of var- 
ious extremal and non-extremal black branes arising from the string theories, 
multi-centered black brane configurations, small black holes with fractional 
branes, fuzzy rings in the set up of Mathur's fuzzballs and subensemble the- 
ory, as well as that the black brane foams from the considerations of bubbling 
black brane solutions in the M-theory. We have further shown that there ex- 
ists a clear mechanism on the black brane side that describes the notion of 
associated interactions in the state-space or vice-versa. We thus find that in 
all such cases there are no singularities in the state-space manifold of these 
black brane configurations. This observation is in turn consistent with the 
existing picture of corresponding microscopic CFT data. 
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1 Introduction 

In recent years, string theory has made significant progress towards the under- 
standing of the microstates for the extremal and near extremal black branes. In 
particular, we can count the microstates for certain black brane configurations that 
carry the same charges and energy as the black brane with an entropy S m i cro that 
equals to the Bekenstein-hawking entropy Sbh = of the corresponding black 
brane [TJ The concept of the AdS/CFT correspondence, see [31 HI [S] and ref- 
erences therein, suggests that the S m i cro counts the states of the branes in a field 
theory description dual to the gravitational description. In fact, such conventional 
understanding of the entropy is bases on coarse graining over a large number of 
microstates and thus it turns out to be a crucial ingredient in the realization of an 
equilibrium microstates thermodynamic geometry. 

It is known that the charged extremal black holes in D — 4, Af — 2 supergravity 
may be characterized by certain electric and magnetic charges qj and p 1 arising 
from usual flux integrals of the field strength tensors and their Poincare duals. On 
the other hand, the scalar fields arising from the compactification of either a string 
theory or M-theory serve as the moduli which in fact parameterize the compact 
internal manifold. The extremal charged black hole solutions are BPS solitons, 
which interpolate between asymptotic infinity and the near horizon geometry. The 
spherical symmetry in turn determines this interpolation to be a radial evolution of 
the scalar moduli which encodes the consequent changes in the underlying internal 
compact manifold. Moreover, one has flat Minkowskian manifold at the asymptotic 
infinity and thus the asymptotic ADM mass for a given scalar moduli tending to 
certain arbitrary values is described by the associated complex central extension 
Zoo of the M = 2 supersymmetry algebra, and in particular, it tuns out that 
M(p,q,(f> a ) = \Zool see for details [S[7]. 

In such cases, the near horizon geometry of an extremal black hole turns out to 
be an AdS2 x S 2 manifold which describes the concerned Bertotti-Robinson vacuum. 
The area of the horizon A and hence the macroscopic entropy is given as S macro — 
irlZocl 2 . However, it turns out that the radial variation of the moduli is described by 
a damped geodesic equation which flows to an attractive fixed point at the horizon 
and thus may solely be determined by the charges carried by the extremal black 
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hole. Such attractors may further be studied from the perspective of criticality 
of black hole effective potential in Af — 2, D = 4 supergravities coupled to ny 
abelian vector multiplets for an asymptotically flat extremal black hole background 
which in turn is described by (2ny + 2)-dyonic charges and the ny-complex scalar 
fields which in turn parameterize the n\/-dimensional special Kahler manifold, see 
for detail [8] and references therein. For reviews on these subjects one can see for 
example [9] [TO]. 

In the study of the attractor horizon geometries of the D — 4 dyonic extremal 
black holes in certain supergravity theories, it tuns out that such a hole have a non- 
vanishing Bekenstein-Hawking entropy, see for example [TTj . In this article, the au- 
thors have outlined such analysis from 1/2-BPS and non-BPS (non-supersymmetric) 
attractors with non- vanishing central charge in the context of the J\f = 2, D = 4 
ungauged supergravity coupled to the ny-number of abelian vector multiplets. Fur- 
ther, they have demonstrated a complete classification of the orbits in the symplectic 
representation of the classical U-duality group, as well as that of the moduli spaces 
associated with the non-BPS attractors in the context of symmetric special Kahler 
geometries. Furthermore, the case of non-extremal black branes may be considered 
similarly by adding the corresponding anti-branes to the extremal black brane con- 
figurations, and thus the computation of the associated brane entropy may cither 
be performed in the microscopic or that of the macroscopic considerations, see for 
example (2j [12] , which in fact shows a match between the S m i cro and S maC ro for a 
set of given brane charges and some total mass added to the extremal configuration. 

On other hand, the role of multi-centered black holes in the context of D-brane 
systems has recently been discussed in [T31 [H] . In these developments the authors 
have considered a special class of multi-centered black brane molecular configu- 
rations for which there is single centered black hole solution whose degeneracy is 
predicted by an exact formula to be non-zero, and thus showed how such states 
of D-branes may be represented as 2-centered configurations. Here, we shall focus 
our attention on a special class of black brane configurations, which may be char- 
acterized by the bound states of Dq, D4, D2 and Z?o _ branes. However, it turns 
out that the concerned entropies for each of these two configurations characterized 
by the charge vector considered in [T3l [14] are of different orders, and hence their 
role in producing the correct contribution(s) to the degeneracy formulas. This in 
turn implies that the nature of the correlations present in the state-space is not 
manifest. Thus we intend to analyze an associated intrinsic Riemannian geometric 
model, whose metric in the entropy representation may be defined as the negative 
Hessian matrix of the entropy with respect to the extensive D-brane charges. In 
turn, one can calculate the correlation functions and correlation volume directly 
from the concerned entropy with such two centered black brane configurations by 
using standard geometric techniques and thus may compare it with that of the 
standard leading order single centered black brane configuration. We find here that 
the associated geometric results are in a perfect agreement with the fact that the 
multi-centered configurations are weakly interacting than the most entropic minimal 
energy supergravity single centered configurations. 

What follows next that we extend our study of the state-space geometry of a 
given D-brane system into the perspective of the fractionation of branes which in 
turn deals with the counting of certain chiral primaries. For simplicity, we shall 
consider the example of two charge extremal small black holes in type IIA string 
theory compactified on T 2 x A4, where M. can be either K3 or T 4 , see for examples 
[HI HH [TTl [18]. As the microscopic understanding of the entropy of the black 
holes in string theory has been estimated in recent times at least for the case of 
two charge extremal black holes [191 |2"01 [2Tj . There has thus been remarkable 
progress in our understanding of black holes having zero horizon area in supergravity 
approximation but have non-zero statistical entropy from independent string state 
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counting arguments. Such black hole space-time geometries are expected to develop 
non-zero horizon sizes after including certain higher derivative corrections and in 
turn these black holes are referred as small black holes. The statistical entropy 
for a supersymmetric two-charge black hole coming from counting the bound state 
degeneracy has been checked to agree with that of the one calculated by using Wald's 
macroscopic entropy [22, 23] [24] in higher-derivative supergravities [18] . The most 
studied interesting extremal black hole solutions are the small black holes, which 
are the one made from a long heterotic string wrapping a circle carrying winding 
charge w and momentum charge n. Here for simplicity, we consider our small black 
holes in the duality frame which is described by the Do^-brane configurations in 
the type-IIA string theory compactified on K 3 x T 2 . 

In particular, the microscopic understanding of this system is governed by the 
superconformal quantum mechanics describing DO-branes in the AdS2 x S 2 x CY 3 
attractor geometry of a black hole in type IIA with D4-branes on the CY3 , see for 
details [25) . This quantum mechanics has a class of chiral primaries which may be 
identified as the microstates of the black hole. It was in turn shown in [25] that 
the microscopic entropy for a small black hole with vanishing triple intersection 
number could be reproduced from the leading order asymptotic degeneracy of the 
associated chiral primaries. Further from the microscopic perspective as shown in 
[19] . the degeneracy in counting the microstates arises from the combinatorics of 
the total N units of Do-brane charge that splits into certain /c-small clusters having 
rii units of the Z3 "brane charge such that on each cluster the sum J"'., n s ; = N 
remains true which in turn corresponds to the wrapped _D 2 -branes residing on either 
of the 24p bosonic chiral primary states. It is thus instructive to ask: what are the 
possible interactions among the brane microstates in a given k-cluster which are 
arising from the degeneracy of the two charged extremal D0D4 small black holes? 
In particular, we shall investigate such interactions from the perspective of the 
brane fractionation in any finite number of arbitrary clusters and thus shed light on 
the geometric perspective of the counting chiral primaries associated with the two 
charge extremal small black holes. 

On other hand, in order to understand how to count the micro-states of a brane, 
Mathur propose the idea of brane fractionation which leads to the fuzzball structure 
of the black brane interior. Furthermore, the author suggests a way how one may 
bypass the information paradox. For simplicity consider the case of two charge 
extremal black hole, which is microscopically characterized by certain string winding 
and momentum states. Then the microscopic entropy comes from the number of 
different possible ways in which the string carries the momentum as the traveling 
waves. This is due to the fact that the associated fundamental string in the heterotic 
picture does not carry any longitudinal waves and thus all the vibrations must be 
transverse vibrations. Thus the string carrying a momentum charge departs from 
its central location r — and in turn gets spread over a certain transverse region 
which makes a fuzzball. 

Mathur further shows in [26 that the different vibration states of the string 
make different fuzzballs which do not have a singularity or a horizon. However, if 
we draw a bounding sphere corresponding to the size of a typical fuzzball then the 
area A of the sphere satisfies ^ ~ ^/n\n p ~ S m i cro , see for more details [37] • I* 1 
this way, the information contained in a black hole is distributed throughout the 
interior of a horizon sized ball whose vicinity is not the empty of information's but 
there exists radiation from an excited fuzzball leaving the surface of such quantum 
fuzzball and thus carry out the information about the state. In fact, in any string 
theory construction, the bound states with certain momentum cause the string to 
spread out over a horizon sized transverse region which in turn generates the horizon 
sized fuzzball having sizable quantum fluctuations. 

Moreover, it thus suggests that there exists a relation between the capped throat 
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structure of microstates geometries to that of the extremal black hole geometries 
having zero entropy in the leading order gravity computations. Note however that 
the actual microstates of the system in fuzzball conjecture do not have horizon, 
but the boundary of underlying region where the microstates start differing from 
each other satisfies a Bekenstein type relation with the entropy enclosed inside this 
boundary whose state-space geometry we are going to investigate in this article. 
Further we know that a black hole in general have a large entropy which is a 
measure of the associated phase space volume and thus the size of a typical fuzzball 
cannot be too small, otherwise the phase space of the fuzzball cannot account this 
large entropy of the black hole. 

^From the view points of the subensemble theory, one may further carry out 
the investigations of the state-space geometry for the rotating D1-D5 system by 
considering a family of subensembles of states in which each boundary area of the 
fuzzball satisfies a Bekenstein type relation with the entropy enclosed. Recall further 
that the Mathur's fuzzball conjecture for an extremal black hole says that the throat 
of the geometry ends in a finite quantum fuzz, in-contrast to the classical picture 
with an infinite length horizon at the end of the throat, see for more details [28] , 




To explore further the relation between state-space interaction in a subensemble 
with an enclosed entropy, we may restrict our states to a given subensemble. The 
simplest case of this interaction may be described as follows. Consider a string with 
given momentum charge then the corresponding string states which can be either in 
high wave numbers with small transverse amplitude, or in low wave numbers with 
large transverse amplitude. Thus the entropy reaches an optimal value for some 
wave number and amplitude, and such a typical state has infinite throat with certain 
horizon, which corresponds to the classical picture of the black hole configuration. 
However, if we restrict ourself to the subset of states which have certain wave number 
higher than this optimal value and an amplitude of transverse vibration smaller 
than the amplitude of the generic states. Then the microscopic entropy of the 
states restricted to this smaller amplitude is smaller than the standard microscopic 
entropy by a factor M, which in turn is just the number of the subensembles of the 
considered ensemble. 

In this case the string in the space-time description lives inside a smaller ball, 
and thus the space-time geometry before capping off has a narrower and deeper 
throat. It have been shown that the boundary of the fuzzball region in leading 
order computations also decreases exactly by the same factor M, which further 
remains the same for the case of with or without rotation. These subensembles with 
smaller entropies have their fuzzball boundaries at deeper points in the throat with 
smaller transverse areas and thus we find weaker state-space interactions for two 
charge extremal systems with an angular momentum whose boundary are certain 
fuzzy regions and in turn the associated area satisfies g ~ S m i cro 28J. It is just 
for simplicity that we consider to deal with the state-space of two charged rotating 
system. But there are several evidences for three charge as well as four charge 
systems that there exists analogous cap structures to that of the two charge systems 
and thus one can easily describe the state-space manifolds associated with such black 
branes in any subensemble under consideration. 

As a final example of our goal, it is one of the bubbling solutions whose state- 
space we offer to analyze is the case of D = 11 black brane solutions with given 
three charges having required amount of supersymmetry. It is known that in certain 
cases such solutions describe three charged BPS-black holes, as considered in [551 
I5UI I5T1 155] . Recall in particular that in the case of the T 6 compactification of M- 
theory, the N th Gibbon-Hawking charge far separated from the blob is described 
by the associated 2-cycles Ajn, which must have a large flux compared to that of 
the fluxes on each Ay ,Vi,j < N. In such cases, these authors have shown that 
the flux parameters {fcf} may further be expressed in terms of the charges over 
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the blob, whose quantized nature arises from the gauge symmetry as the shift: 
k 1 — » k 1 + c J V to be half-integer. It is to note that this shift symmetry may thus 
solely be determined by a function V which in fact defines the nature of the Gibbon- 
Hawking base metric. Further, it is known that the leading order charges in the 
limit of large N are given by Qi ~ 4N 2 k 2 k%,Q 2 ^ 4N 2 k^k^Q 3 ~ 4iV 2 A$Jfcjj and 
Jr = WN^k^k^ky, which in fact turns out to be the case of a maximally symmetric 
BMPV black hole with Jr = 4Q1Q2Q3, see for details [33] . Such relations however 
do not depend on the number of Gibbon-Hawking base points considered and are 
further independent of the charges distributed on the Gibbon-Hawking base points. 
See for instance [33] for the case of the foaming of black ring solutions with integer 
black ring dipole charge(s). 

Thus one associates certain non-trivial entropy coming from the combinatorics 
of the existing possibilities from the choices of {kj \kf > 0} subject to a constraints 
for the summations over k\ that the both worldvolume and supergravity (as well 
as that of the CFT) descriptions yield the same relations between the parameters 
of the brane configurations. Actually, it is the combinatorics of laying out such 
quantized fluxes on the topologically non-trivial cycles Ay, which in turn may be 
referred as topological entropy of the black brane. Such an example appears in 
large charge limit with J\ = Jf = Q1Q2Q3, which in turn describes the associated 
leading order properties of the bubbled super-tubes, see for details pH]. One of the 
natural question that we ask is: how many bubbled black brane configurations exist 
for some given set of brane charges? The other associated question that we further 
ask is: what is the nature of the underlying state-space geometry? In particular, 
whether there exist certain instabilities in a bubbled black brane configuration? 
Note although that the partitioning of kj, kj and fcf are not independent, and thus 
a bubble configuration will collapse, if any of the flux parameter is taken to be 
zero. So we need to count all the possible number of the ways of having non-zero 
partitions of the {&/} over N bubbles and finally sum up over the N to obtain 
the topological entropy of the black foam. However, such effects turn out to be 
immaterial at the leading order consideration, which is due to the fact that these 
effects contribute only to the subleading corrections to the black foam entropy, see 
for details 35 . 

As a next step towards this objective, it is instructive to explore the state-space 
geometry for the black brane foam configurations. The example that we shall con- 
sider is the case of the M-theory compactified on T 6 . The simplest configuration 
turns out to have certain far separated unit Gibbon-Hawking charges with total 
Gibbon-Hawking charge zero. In particular, it is important to investigate whether 
the associated state-space metrics are non-degenerate for such simplest configura- 
tions like the one above well separated Gibbon-Hawking charges with vanishing total 
Gibbon-Hawking charge and thus we wish to establish the behavior of the associated 
scalar curvature of the state-space manifold. This construction would clearly eluci- 
date the thermodynamical issues of a black foam and further provides a geometrical 
realization of the equilibrium thermodynamical structures of the microstates of the 
foam configurations. We demonstrate here that the state-space geometry of the 
black brane foam, arising from the associated leading order topological entropy of 
the foam is non-degenerate and everywhere regular for all well-defined three param- 
eter topological black brane foams. Our results are thus in agreements with the fact 
that the black brane foams are stable thermodynamic objects. Furthermore, it may 
be argued that the nature of state-space of the given black brane foams remains the 
same under the subleading corrections to the considered foam configurations. 

We thus have a good understanding of the exact spectrum of a class of black 
branes that there exits an asymptotic expansion of the degeneracy formula for large 
charges which not only reproduces the entropy of the corresponding black branes 
to the leading order, but also to the first few subleading orders as an expansion in 
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inverse power of the charges |12j . Given this correspondence between microscopic 
spectrum and macroscopic entropies of a black brane, a natural question to ask 
would be to understand an origin of the state-space interactions from the degeneracy 
formula and it's correspondence to the black brane side? In this paper, we indeed 
show from the perspective of an intrinsic Riemannian geometry that there exists 
a clear mechanism on the black brane side that describes the associated notion of 
the interactions among the microstates in the state-space of a brane solution or 
vice- versa. 

It is the thermodynamics of such black holes, black rings or in general black 
branes that plays the central role in understanding certain properties of string the- 
ory or M-theory [H [H 13 [311 [HZl [3HI [32] • In particular, the AdS/CFT correspondence 
involves equality of partition functions of a string theory (or M-theory) on a space 
with asymptotics of form AdS n x K, for some compact space K for instance a 
Calabi-Yau, and that of some holographic dual conformal field theory defined on 
the conformal boundary of AdS n [40], [4TJ |42l |43l SH [45] . The present paper con- 
centrates on the macroscopic-microscopic aspects of any consistent black brane so- 
lutions and discusses the underlying state-space geometry arising from the entropy 
obtained as certain bound states in the theory of either D-branes or M-branes. Our 
study is therefore well suited for the original applications of the AdS/CFT corre- 
spondence and phase-transitions, if any, in the underlying equilibrium state-space 
of a black brane configuration characterized by certain electric-magnetic charges 
with or without rotations. 

On other hand, the thermodynamic geometry is one of the main tool to study 
the state-space structures of a class of black holes or black branes, see for instance 
[4l)l |4"TI ] . It may further be seen that the thermodynamic geometry analyzes the 
equlibrium microstates of such branes and in particular, the idea of the interac- 
tions or phase transitions present in the state-space of such black branes may be 
analyzed from the perspective of the macroscopic-microscopic duality. In this ar- 
ticle, we have analyzed various specific cases of the extremal and non-extremal 
black holes, D-brane system like D6-D4-D2-D0, fuzzy black rings and bubbling black 
brane configurations for three charged foamed black branes. We find that such a 
thermodynamic system have regular state-space geometry which turns out to be 
everywhere well-defined, and corresponds in general to an interacting statistical 
systems, whenever there exists a non-zero state-space scalar curvature. 

The state-space geometry may further be shown to exhibit the associated micro- 
scopic properties and thus one may analyze the geometric nature of the correlation 
functions and correlation volume of the boundary dual conformal field theory which 
in turn is in perfect accordance with the AdS/CFT correspondence. This is because 
it is the components of the state-space metric tensor that are related to the two 
point correlation functions of the boundary conformal field theory, as the thermo- 
dynamic metric deals with Gaussian fluctuations in the state-space of the brane 
configuration. Wc have in turn explained how the two point correlation functions 
of certain microstates characterizing a black brane behave in the state-space, and 
in particular it is interesting to investigate whether they are regular or singular 
functions in the state-space. In the case of singular state-space scalar curvature, we 
have analyzed the nature of the singularities present in the underlying state-space 
manifold. For example, we have shown that there may exists certain critical points 
or critical (hyper)-surfaces on which the state-space scalar curvature diverges. 

In particular, the present article deals with the various implications arising from 
the state-space geometry of the string theoretical extremal and non-extremal black 
branes, multi-centered black brane configurations, fractionation of branes, Mathur's 
subensemble theory and bubbling black brane solutions in M-theory. This article 
has been organized into several sections. The first section in turn motivated to study 
the state-space geometry obtained from the Gaussian fluctuations of the entropy 
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for given any consistent brane configuration of either the string theory or M-theory, 
and in particular we have interesting implications of the AdS/CFT correspondence. 
In the section 2, we have introduced very briefly that what is the black brane 
thermodynamic geometry bases on the large number of equilibrium microstates. 
In the section 3, we analyze the state-space of extremal as well as non-extremal 
black holes in string theory. In the section 4, we focus our attention on the state- 
space geometry of the multi-centered black brane configurations. Explicitly, we 
here discuss the state-space geometry defined as an intrinsic Riemannian geometry 
obtained from the entropy of D§D>J)2Dq black brane configuration. 

In the section 5, we investigate the implications arising from the fractionation 
of D-branes on the state-space geometry of the two charged small black holes. In 
the section 6, we would like to see the meaning of the state-space geometry from 
the view-points of Mathur's fuzzballs and subensemble theory. Here for simplicity 
we have demonstrated it explicitly for the example of fuzzy rings. In the section 7, 
we have extended our study of the state-space geometry to the M-theory bubbling 
black brane solutions. We have explained in this case that the state-space geometry 
obtained from the entropy of a black brane foam is well-defined and pertains to 
an interacting statistical system. Finally, the section 8 contains certain concluding 
issues and discussions for the state-space geometry of various black branes thus 
considered and their implications to the boundary CFT data, and in particular 
Mathur's fuzzball proposal of a brane microstates. 



2 Thermodynamic Geometry 

We begin by considering a brief review of an intrinsic Riemannian geometric model 
whose covariant metric tensor is defined as negative Hessian of the entropy with re- 
spect to the invariant electric- magnetic charges and angular momenta carried by the 
black brane configuration. In particular, for any n-dimensional state-space manifold 
M n , we may define the components of the metric tensor of the so called Ruppenier 
geometry (47] EU [52] to be <?y := — qJq^i , where the vector x = (p' l ,qi 7 Ji) G M n . 
Explicitly for the case of two dimensional state-space geometry, the components of 
the Ruppenier metric are given by, 



9ip - and 
a - 

ypp — dp 2 • 

Now we can calculate the T^k, Rijki, Rij and R for above thermodynamic ge- 
ometry (M2,g) and may easily see that the scalar curvature is given by, 

R — ^qp) (SppSqqqSqpp-\~ SqpSqqpSqpp~{- SqqSqqpSppp SqpSqqqSppp 

SqqS q pp — SppS qqp ). 

Further, the relation between thermodynamic scalar curvature and the Rup- 
penier curvature tensor for this state-space geometry characterized by the equilib- 
rium microstates of the black hole configuration is given (see [52] for details) by, 
R = -^gjRqpqp, which is quite usual for any two dimensional intrinsic Riemannian 
manifold (M 2 (R),g). 

Such a geometric formulation thus tacitly involves a statistical basis in terms of a 
chosen ensemble or subensemble of the microstates of a considered black brane con- 
figuration in the thermodynamic limit. Here, it is worth to mention that the ther- 
modynamic scalar curvature captures the nature of the correlation volume present 
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in the underlying statistical system. This strongly suggests that in the context of 
the state-space manifold of a black brane arising from either a consistent string 
theory or that of a M-theory solution as a closed systems, the non-zero scalar cur- 
vature might provide useful information regarding the nature of the interactions 
present between the microstates of the black brane thus considered. With this gen- 
eral geometric introduction to the thermodynamic of a general brane solution, let us 
now proceed to systematically analyze the state-space geometric structures of such 
branes characterized by finite number of electric-magnetic charges with or without 
angular momenta as a bound states of certain large number of D-branes (or that of 
M-branes). 

3 Black Holes in String Theory 

In this section we shall study state-space geometry arising from the entropy of 
black branes as a bound states of large number D-branes having certain number 
of electric-magnetic charges, angular momentum and may be mass in the case of 
non-extremal black brane solutions. It is well known that the extremal black branes 
do not Hawking radiate, as since the Hawking temperature is proportional to the 
difference of the inner and outer horizon radius of the brane configuration. 

3.1 Extremal Black Holes 

The simplest example of state-space geometry of a stringy black hole that may 
be studied is as follows. Consider at first to understand the state-space geometry 
arising from an extremal black hole whose microstates are the winding and the 
momentum modes of a string carrying ri\ number of winding and n p number of 
momentum, then the large charge microscopic entropy turns out to be |54[ I55|, I56[ 
I57j : S m i cro = 2^y2ninp. 

Macroscopically, this two charged black hole entropy may be computed by con- 
sidering D4 and Dq branes, with certain compactification to obtain a M3,i space- 
time. Of course in string theory there are higher order corrections like R 2 or i? 4 - 
corrections for instance to usual Einstein action, and thus these corrections makes 
non-zero horizon area, as it is being stretched by such higher derivative correc- 
tions. These computations of the macroscopic entropy are usually easy to solve 
with spherically symmetric ansatz for the non-compact directions |58j . The micro- 
scopic entropy may be counted by the consideration of weakly interacting D-brane 
ensemble [53], and one finds for 714 number of D4 branes and Uq number of D 
branes that S m i cro = l-K^n^n^ — S rnacro . Now the state-space geometry associated 
with the entropy of Dq,D^ system may easily be seen to be ill-defined. This is 
just from the determinant of the Hessian matrix of the entropy with respect to all 
the extensive thermodynamic variables which in this case are simply the charges of 
Do, -D4 branes. This result holds for a constant entropy curve for which the coordi- 
nates of the state-space lies on the rectangular hyperbola: uqUa — c 2 . However, it 
is possible to incorporate further higher derivative corrections to have well defined 
Ruppenier like geometry where determinant of the Hessian matrix of the entropy 
may become negative definite in certain domain of the brane charges. 

One of the important correction arrives due to the higher derivative quartic 
terms in the Riemann tensor which may be encoded in a scalar field T. In this 
case, one finds that the space-time i? 4 -corrected macroscopic entropy for the case 
of non-supersymmetric two charge small black holes to be [60l [61]: S(Q,P) = 
2irPQ(l + In order to take more closure look of the state-space geometry 

of the equilibrium microstates of the two charged small black holes, we shall now 
consider the implications of this 7? 4 -corrected entropy expression. The Ruppeiner 
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metric on the state-space may be easily read off from the negative Hessian matrix 
of such a corrected entropy of the small black holes to be, 

9QQ = 0, 

g QP = 2tt(-1 + 3£) and 

WOirCQ 

gpp = — — ■ 

We observe here that the inclusion of higher derivative i? 4 -corrections make 

the determinant of the metric tensor to be non-zero, as one can simply see that 

it is just given by \\g\\ = —4n 2 (—l + ^pP) 2 . Moreover, the state-space of non- 

supersymmetric two charge small black holes with quartic corrections corresponds 

to a non-interacting statistical system. In particular, we find in this case that the 

scalar curvature is zero and thus it certainly indicate thermodynamic stability and 

an absence of phase transitions everywhere in the underlying state-space. Here, we 

i i 

see that the constant entropy curve takes the form of a hyperbola: -|f- — ^? = 1 
with coordinates } and -h, where the constant k is some real number. 

yfPQ p ' 

To have have more complicated black hole solutions we may add n§ number of 
£>5 branes, and then leading order black hole entropy obtained from the Einstein 
action takes the form pQ: S m i cro — 2ir \Jn\n^n v — S maC ro- In this of case again 
one can easily calculate the associated Ruppenier metric and thus finds that the 
determinant of the metric tensor turns out to be a non-zero quantity, as well as the 
fact that the associated scalar curvature is everywhere regular which both scales as 
inverse of square root of the leading order -D1-D5 branes entropy with n p number 
of Kluza-Klein momentum. Here the constant entropy curve in the state-space is 
some higher dimensional hyperbola: n\n^ri v = c 2 . Moreover, the similar results 
hold for four charge tree level extremal black holes whose state-space geometry has 
the same form of metric tensor and scalar curvature as that of the three charged 
extremal black hole configurations. See in for certain interesting details of 

the thermodynamic geometry applied to a large class of other black brane systems 
arising from the string theory as well as that of the M-theory. 

3.2 Non-extremal Black Holes 

What follows next that we shall consider the state-space geometry arising from the 
entropy of a non-extremal black hole, which one can simply make just by adding 
the corresponding anti-branes to the extremal black brane solutions. The simplest 
example of such system is a string having large amount of winding and D$ brane 
charges n\, n§ with some extra energy, which in the microscopic description creates 
the equal amount of momenta running in the opposite direction of the S 1 . In this 
case entropy has been calculated from both the microscopic and macroscopic per- 
spective [2] which matches for some given total mass and charges. In particular, we 
have Smicro = 2TTy/niTi5 (y/n^+ -Jn^) — S m acro- The components of the Ruppeiner 
metric may now be computed easily as the Hessian matrix of the corrected entropy 
expression to be, 

9n\n v 
9n{n^ 



~ 2 \jnSV™P \A^p)' 

7r / n s 

~ 2 A/ nw p ' 

_ _7T / W 5 

2 Y niWp' 



The determinant of the metric tensor is ||g|| = — 4 ^ n =^ 372 (y/rip + y^H>) ■ The 
determinant is non-zero for any set of given non-zero brane-antibrane charges and 
as before we obtain a non-degenerate state-space geometry of the equilibrium mi- 
crostates of the four charged non-extremal D\D^P black hole system. The scalar 
curvature of underlying state-space may easily be computed using the Ruppeiner 
metric technology defined as the negative Hessian matrix of the entropy corrected by 
the non-extremal contributions. In particular, we find that the state-space curvature 
scalar is given to be R(nx, rig, n p , n£) = ^-jL== ( y /rT p ~ + y/^)~ 6 [n p ^ 2 + 10re^ 2 n^) + 

5n p ^ 2 rT^ 2 + bnpT^ 1 ^ 2 + 10n p rT^ 3 ^ 2 + rTp~ 5 / 2 ]. The curvature scalar is thus non-zero, 
except for the set of the roots of a two variable polynomial for the two momenta 
(n p , TTp~) running in the opposite directions of the S . This polynomial of charges and 
anti-charges is simply defined as the numerator of the state-space curvature scalar, 
that is just f(n p ,rip~) := np^ 2 + 10ny 2 ?^)+5ny 2 ?i^ 2 -(-5npn^ 1 / 2 -(-10npn^ 3 / 2 -|-ri^ 5 / 2 . 
Furthermore, the underlying state-space manifold is everywhere regular and corre- 
sponds to a thermodynamic system whose statistical basis is interacting except at 
the roots of the f(n p ,n^) and thus there exists a hypersurface in the state-space 
of non-extremal D\D^P black hole system on which it becomes non-interacting 
statistical system. Here, we can see that the constant entropy curve is certain 
non-standard curve and it is just given by: = (i/rT^ + y^fT^) 2 - 

One can extrapolate the above entropy expression to a non-large charge domain, 
where we are no longer close to a supersymmetric state. The leading order entropy 
which includes all such special extremal and near-extremal cases may be written as 
a function of charges {rii}-anticharges {rrii} to be [64] : S(ni, mi, 112, m%, n%, m^) := 
27r(y / nT+ v / mi)(v / ^2 + V m2 X\/™3 + y/rn^)- It is again not difficult to explore the 
state-space geometry of the equilibrium microstates of the 6 charge anti-charge non- 
extremal black hole in D = 4 arising from the entropy expression arising from just 
the Einstein Action. As stated earlier that the Ruppeiner metric on the state-space 
is given by the negative Hessian matrix of the non-extremal entropy with respect 
to the extensive variables. These variables in this case are in turn the conserved 
charges- anticharges carried by the non-extremal black hole. Explicitly we find that 
the components of covariant metric tensor under such non-large charge domains are 
easily obtained to be, 

9mm ■= -372 (V™2 + v / ™2)(v / ^3 + V™&), 

9nimi • O7 

9mn 2 ■= -2y#TH?(V^+ V™3)> 
9nimi ■= - V n ima V™^)> 
9mn 3 ■= -2j£r^(V^+ \M2)> 

9mm 3 ~ ~ V n 1TO3 Ov/na + s/m^), 

9rmn 2 ■■= ~ 2j=r 2 (VrTE+Vm^), 

g mi m 2 '■= ~2^mim 2 (V^3 + V"^)' 
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g mim3 ■= - v J im3 (v^2 + V^a)' 

9n 2 n 2 ■= -^72(^/^1+ yWKV^ + V / "*i)> 
9n 2 rri2 '• = 0, 

gn 2 m 3 — - V »2m 3 (V^T + VW), 

3m 2 m 2 := -372-( V /7 H+ V / ™l)(v^+ \A™3 ) > 

m 2 

Sm 2 m 3 := - V m 2m3 (v^r+ V^l)> 

3n 3 n 3 : = -372 + V / ™l)(v / ™2 + V^)' 

n 3 

9n 3 m 3 '■— 0, 

ffm 3 m 3 := — 3 72-( V / ^l+ V / ™l)(v / ^2 + \/™2 ) ■ 

A straightforward computation yields the determinant of the metric tensor to be 
Nl = - fe (nim 1 n 2 m 2 n 3 m 3 )^ 3 / 2 (y^+^/rn^) 2 ( V^+\A™3~) 3 {^/n^+^/m~[) 3 (n2\/mln3+ 
n2^m 1 m 3 + 2^/n 2 mim 2 n 3 + ^Jn 2 m\m 2 m 3 + m 2y /m 1 n 3 + m2 y /m 1 m 3 + n 2y /n 1 n 3 + 
n 2 yjn\m 3 + 2 y /n 1 n 2 m 2 n 3 + 2y / n 1 n 2 m 2 m 3 + m 2 ^jn\n 3 + m 2y /n 1 m 3 ). We further 
see that for non-zero brane-antibrane charges this determinant is non-zero except 
for the set of brane-antibrane charges defined by B := {(nl, n2, n3, ml, m2, m3) | 
n2\J m\nZ + n 2 ^/m,im 3 + 2^Jn 2 m\vn 2 n 3 + y/n 2 mim 2 m 3 + m 2 y/min 3 + m2^Jm\m 3 + 
n 2y Jnin 3 + n 2y /nim 3 + 2^n 1 n 2 m 2 n 3 + 2 % jn 1 n 2 m 2 m 3 + m 2y /nin 3 + m 2y /nim 3 = 0} 
and thus this state-space geometry is well-defined only on an quotient intrinsic Rie- 
mannian manifold N :— Me \ B. The scalar curvature of this state-space manifold 
may now be computed using the intrinsic Riemannian metric based on the Hessian 
matrix of the entropy corrected by non-extremal contributions. The exact expres- 
sion for the scalar curvature is some what involved but it is seen that the nature 
of the state-space manifold has similar behavior to the earlier non-extremal case 
of charge-anticharge KK-system. In this case, we may easily observe that the con- 
stant entropy curve is again some non-standard curve which in turn is just given 
by: {\fn\ + \Jini){\fn2 + v /m 2)(v / "3 + V TO 3) = c > where c is a real constant. 

We may trace certain behavior of the components of the covariant Riemann 
tensors and note for example that the component R ni n 2 m 3 rn i diverges at the roots 
of the some polynomials of two variables, and in particular these polynomials as the 
functions of charge-anticharge of the branes are fi(n 2: ra2) = n 2 m 2 + 2(n 2 m 2 )' '/ 2 + 
n 2 m 2 and f 2 (n3, m3) = 7713 nf + n\m 3 ' 1 . Whereas some other components of the 
covariant Riemann tensors may diverge differently, as for example the Rn3,mS,n3,m3 
with equal number of the brane and anti-brane components diverges at the roots 
of a single higher degree polynomial: f{ni,mi 1 n 2l , m 2l n 3 ,m 3 ) := n 2 m 2 n 3 ^ 2 m 3 + 

4 3 4 9/2 , n 7/2 7/2 9/2 4 . 7/2 7/24 9/2 . 3 4 9/2 4 . 3 44 9/2 

n 2 m 2 n 3 m 3 + Zn 2 m 2 n 3 m 3 + Zn 2 m 2 n 3 m 3 +n 2 m 2 n 3 m 3 + n 2 m 2 n 3 m 3 . 
We also see that the components of the covariant Riemann tensors may become zero 
for certain values of charges-anticharges. Furthermore, the Ricci scalar curvature 
diverges at the set of the roots of the determinant of the metric tensor B, and 
becomes null on some single higher degree polynomial, and exactly at these points 
in the state-space of the underlying extremal or near-extremal, general black hole 
system becomes a non-interacting statistical system. 

Finally, we would like to see the nature of the non-extremal black hole state- 
space that what happens to it with the addition of the KK-monopoles as a non- 
trivially fibered circle. In the past, several eminent authors have calculated the 
entropy for extremal, near-extremal and general holes which follows the same pat- 
tern as before, for example the case of four charges is considered in [55J 155] : 
S(n 1 ,mi,n 2 ,m 2 ,n 3 ,m 3 ) := 2ir( v / n~[ + *Jm^)(^/n 2 ~ + v / mJ)( v / rzi + v / m^)( v / ru + 
y/rrii). This leading order entropy which includes all the special extremal and near- 
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extremal cases and has been written as a function of charges {ni}-anticharges {rrii}. 
In this case too one obtains the same pattern of the underlying state-space geometry 
and constant entropy curve as that of three charge non-extremal black holes but of 
course, the exact expression for the geometric invariants such as the determinant of 
the state-space metric tensor or that of the scalar curvature are much more involved. 
The conclusion to be drawn however remains the same and as usual the underlying 
state-space geometry remains well-defined as certain intrinsic quotient Riemannian 
manifold N :— Ms \ B, where the set B is the set of the roots of the determinant 
of the metric tensor of underlying eight charge anti-charges state-space manifold of 
the non-extremal black holes with the inclusion of the KK-monopole contributions. 

4 Multi-centered Black Branes: DqD^D2Dq system 

In this section as a first exercise of the state-space manifold containing the both 
single centered black branes and multi-centered black branes, we study the state- 
space geometry defined in terms of the extensive four charges of DqD±D2Dq black 
brane configuration. Here we shall explicitly present the analysis of the state- 
space geometry arising from the entropy of stationary single-centered as well as that 
the multi-centered black hole molecule configurations. Such multi-centered black 
hole configurations may be examined by the so called pin-sized D-brane systems 
|13[ 1 14] and thus we can realize the underlying state-space geometry arising from 
the counting entropy of the number of microstates of a zoo of entropically dominant 
multi-centered black hole configurations along with usual single centered black holes. 

Although it is well known that the most entropic minimal energy supergravity 
solution should be a single centered black hole [BJ. Thus we are also interested in 
analyzing the state-space geometry arising from the leading D-brane entropy with 
the leading single centered black brane configurations. But here our main focus is to 
study the state-space of the more general supersymmetric solutions which are visu- 
alized as stationary, multi-centered, molecular black hole bound states determined 
by certain electric-magnetic charge centers Tj := (pf,q\,i) with respect to certain 
gauge group with an index A and total charge T = ^ Fj, see [67l [68] for detailed 
constructions of such brane configurations. The main difference between the single 
centered black hole configurations and multi-centered black hole configurations is 
that the first in the case of supersymmetric solutions is completely determined by 
the topological data of the string compactification while the second are typically 
genuine bound states where one can not move the centers away from each other 
without supplying some energy to the system, which is same as some constrained 
supergravity solutions [HI [69] . For example in the case of two centered black hole 
solution, one have equilibrium separation condition. Moreover, the existence of the 
multi-centered black hole bound states depends on the choice of vacuum and in 
the weak string coupling limit, the zoo of multi-centered black hole configurations 
collapses to a single D-brane. 

As the authors of [HI [14] have shown that in the suitable parameter regimes, the 
multi-centered entropy dominates the single centered entropy in the uniform large 
charge limit. We shall thus investigate the state-space geometric implication for 
this well studied example of the D^D^D^Dq system. Consider, a charge T obtained 
by wrapping D4, D2 and Do branes around various cycles of a compact space X 
which are scaled up as T — > Ar, then there exists a two centered brane solution 
with horizon entropy scaling as A 3 while that of the single centered entropy scales 
as A 2 . More properly, consider type IIA string theory compactified on a product 
of three two- tori X := T 2 x T| x T 3 2 . Then entropy of a charge V corresponding 
to pO D 6 branes on X, p D branes on (T 2 x T 2 ) + (Tf x T|) + (Tf x T 2 ), q 
D 2 branes on (Tf + T 2 2 + Tf) and qO D Q branes is given by pi PT4]: S(T) := 
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TTy/-4p 3 qO + 3p 2 q 2 + 6p0pqq0 - ApOq 3 - (pOqti) 2 . 

The metric tensor of the state-space geometry in the entropy representation may 
now be obtained as before from the negative Hessian matrix of the entropy with 
respect to all the extensive thermodynamic variables which in this case are just the 
D§, D4, D 2 and Do-brane charges. Explicitly the components of the metric tensor 
are given as, 

_ 4- -3pVg0 2 +3pg 4 g0-g 6 +p 3 q0 3 
ypOpO — i" (-4p 3 g0+3p 2 g 2 +6p0pgg0-4p0g 3 -(p0g0) 2 ) 3 / 2 ' 

_ c -p 3 q0 2 q+2p 2 qOq 3 +P2 q0 3 p0-2pq 2 p0q0 2 +pOq 4 qO 
yP°P " (-4p 3 q0+3p 2 q 2 +6p0pgg0-4p0g 3 - (pOgO) 2 ) 3 / 2 ' 

. 2p 3 g 2 q0+p 2 qg0 2 p0-2pq 3 g0p0-g 4 p 2 +g 5 p0-p 4 q0 2 



9p0q 127T "(_4p3 g0+ 3 p 2 g 2 +6p0 p g( j l 4p09 3_( p09 o) 2 )3/ 

_ 6p 4 gg0+3p 2 q 2 g0p0-9pqq0 2 p0 2 +5q 3 p 3 -6q 4 p0p+6q 3 p0 2 g0+6p0g0 2 p 3 +p0 
9p0q0 — T (-4p 3 g0+3p 2 q 2 +6p0pgg0-4p0q 3 -(p0q0) 2 ) 3 / 2 

1 O - P i q0 2 -p 3 q 2 q0-3p 2 qq0p0+4pq 3 q0p0-p0 2 q0 2 q 2 +p0 2 q0 3 p~q 5 p0 
9pp — lz7r (-4p 3 g0+3p 2 g 2 +6p0pgg0-4p0q 3 -(p0q0) 2 ) 3 / 2 ' 

_ o 2p 4 qq0-2p0q0 2 p 3 +3p 2 q 2 q0p0-3q 3 p 3 +2q 4 p0p-pqq0 2 pO 2 -2q 3 pO 2 qO+(pOqQ) 
9pq — o7T (-4p 3 g0+3pV+6p0pqq0-4p0g 3 -(p0g0) 2 ) 3 / 2 

— 1 P 5 q0-2p 3 qOpOq-p 4 q 2 +2p 2 q 3 pO+pq 2 p0 2 qO-pO 2 q 4 
i/pqO — (-4p 3 q0+3p 2 q 2 +6p0pqq0-4p0g 3 -(p0g0) 2 ) 3 / 2 ' 

_ -1 4p 3 g0p0g-p 2 g 3 p0-p 2 g0 2 p0 2 -3pq 2 p0 2 gO+pO 2 q 4 -p 5 gO+pO 3 qqO 2 
iJqq — lz7r (-4p 3 g0+3p 2 g 2 +6p0pgg0-4p0g 3 -(p0g0) 2 ) 3 / 2 ' 

c -p 5 g+2p 3 g 2 g0~2p 2 gpO 2 +pOp 4 gO-pO 2 g 3 p+p0 3 q 2 qO 
IJqqQ (-4p 3 g0+3p 2 g 2 +6p0pgg0-4p0g 3 -(p0g0) 2 ) 3 / 2 ' 

_ A- -p 6 +3p 4 p0q-3p0 2 p 2 q 2 +p0 3 q 3 
yqOqO 1" (-4p 3 g0+3p 2 g 2 +6p0pgg0-4p0g 3 -(p0g0) 2 ) 3 / 2 ' 
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We observe that the determinant of the state-space metric tensor is \\g\\ = 9tt 
which is a positive definite constant. Thus this non-degenerate metric defines a 
well-defined state-space which is parameterized in terms of the D-brane charges 
{r := (pO,p, q, qO)}- The scalar curvature corresponding to the state-space geometry 
of the equilibrium D-brane microstates may now easily be determined to be R(T) = 
^(-4p 3 q0 + 3p 2 q 2 + 6p0pqq0 - ApOq 3 - (pOgO) 2 )~ 1/2 . We observe that the scalar 
curvature is a non-zero, positive and everywhere regular function of the T. This 
fact seems to be universal and is related to the typical form for the Ruppeiner 
geometry as the negative Hessian matrix of the black brane entropy. As with the 
standard interpretation of scalar curvature of the state-space geometry is to describe 
the interactions of the underlying statistical system which thus is non-zero for the 
DqD^D 2 D black holes. Note that the absence of divergences in the scalar curvature 
indicates this system to be thermodynamically everywhere stable and thus that 
there are no phase transitions or any such critical phenomena in the underlying 
state-space manifold of this D-brane system. Furthermore, we may easily see that 
the constant entropy curve is again some non-standard curve and in turn is given 
by: 4p 3 q0 — 3p 2 q 2 — 6p0pqq0+Ap0q 3 + (p0q0) 2 = c, which determines the D 2 D 6 D 4 Do 
black brane system in the view-points of state-space geometry. 

Now we shall analyze the associated state-space geometric curvature scalar for 
the cases of single and double centered black hole configurations. Let us take 
the same cases of charge centers as that of [Ml [14]. Consider a total charge 
T := (pO,p,q,qO) — A(0, 6,0, — 12) in a background in which the area of each 
T 2 is v, then it is known that for all v there exists a single centered black hole 
solution. In particular, we see that S(T = A(0, 6, 0, -12)) = 7iVl0368A 2 . It is 
easy to find that the scalar curvature remains non zero, positive and take the value 
of R(T = A(0,6,0,-12)) = . Further as indicated by Denef and Moore 

that for v > \/l2A, there exists a two centered bound state with charge centers 
r : = (1, 3A, 6A 2 , -6A) and T 2 = (-1, 3A, -6A 2 , -6A). It i s apparent tha t the two 
entropy matches for the Fi,r 2 with S(Tx) = S(T 2 ) = ttV108A 6 - 36A 2 - A 3 for 
large A. We see further that the state-space scalar curvature again remains non- 
zero, positive quantity and takes is the same values for two charge centers and in 
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particular, it is given by R(Ti) = R(T 2 ) = ^ ^/fprp ~ jz- i From this informa- 
tion one may predict that the correlation volume shall be identical for these two 
charge centers of a double centered black brane configurations. 

It is instructive to note for large A that the state-space curvature scalar for the 
case of a single centered black brane configurations goes as R(T) ~ -b, whereas for 
the two centered black brane configurations it behaves as R(T) ~ Therefore, 
we can analyze the nature of interactions present in the underlying state-space 
corresponding to the both single and doubled centered black hole configurations. 
In order to do so, let's consider the limit A — > oo for some fixed v, then we see that 
the state-space scalar curvature of a double centered black hole ceases to zero, more 
faster than that of the single centered black hole configuration. It may further be 
indicated that the two point correlations becomes very small in the large charge 
limit with fixed moduli at infinity and thus it should indicate a weakly interacting 
statistical system. This is indeed correct picture as because the calculation of the 
entropy of the DqD^D 2 Dq black hole is based on the consideration of weakly bound 
states of these D-branes over different cycles of the compactifying compact space 
X. 



5 Fractionation of Branes: Small Black Holes 

Now we analyze the state-space geometry of a given D-brane system from the per- 
spective of the fractionation of branes and counting the associated chiral primaries. 
For simplicity, let us consider the example of two charge extremal small black holes 
in type IIA string theory compactified on T 2 x jV(, where Ai can be either K3 or 
T 4 , [15l [16l [TTl [18]. This four dimensional black hole solution is made up out of 
some Dq branes and D4 branes wrapping over the M. . It is further well-known that 
this system has near horizon geometry of AdSi x S 2 , see for details [701 17T1 1721 [75] . 

What follows next that in order to make contact of our state-space geometry with 
the microscopic perspective, let us consider the chiral primaries of SU(1, 1 | 2)z and 
the associated supersymmetric ground states of Af = 4 supersymmetric quantum 
mechanics [25 . In this consideration, we may see easily that the are 24p bosonic 
chiral primaries with total Dq brane charge N in the background with fixed magnetic 
D4 charge p. The degeneracy of counting may arise from the combinatorics of the 
total number N of the Do brane charge splitting into fc-small clusters with rn 
number of Dq branes such that Yli=i n-i — N on each cluster corresponding to 
wrapped D 2 branes residing on any of the 24p bosonic chiral primary states. Here 
the counting is done with the degeneracy d/v of the states having level N in a (1 + 1) 
CFT with 2Ap bosons, and thus one renders at the celebrated microscopic entropy 

S = lnd N ~ Air^/Np = 4vryx£i^- See for more details, [fH [TJ E3 ESI [77] • 

Now we shall first explain the state-space geometry for some specific values of 
the number of the clusters in which total number N of the Dq brane charge splits. 
For k=2 we see that the entropy takes the form, S — ^~K\/p{n\ + n 2 ). The compo- 
nents of the associated state-space metric may be easily computed from the negative 
Hessian matrix of the fractional brane entropy as, 



7T / ni+n 2 

p V p 



9pni — 1— ; ri 

V p(n 1 +n 2 ) ' 

n — / P 

ynim (m+n 2 ) V ni+n 2 ' 

n = £ / P 

y™i™2 (m+n 2 ) y Jii+ri 2 ' 
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Notice that the determinant of the metric tensor is identically zero for such a 
microscopic entropy calculation which in turn holds as asymptotic expansion in the 
limit of large charges on the branes. We may further see that the constant entropy 
curve is given by: p(ni + n?) = c, for some real constant c. Now we would like 
to investigate the state-space geometry for three clusters. In this case, the entropy 
takes the form, S = An^pfai + n 2 + n 3 ). Again one may see that the components 
of the associated Ruppeiner metric are, 



9pp- P y P 

9pn± 



y/p(n 1 +n 2 +n 3 ) ' 
' - y / p(n 1 +n 2 +n 3 ) ' 

' ' ' \/p(n 1 +n 2 +n 3 ) ' 



9nmi (n 1 +n 2 +n 3 ) \j n 1 +n 2 +n 3 ' 
9nm 2 ~~ (ni+n 2 +n 3 ) \J ni+n 2 +n 3 ' 

a = - I p ~ 



n = — / P 

yn 2 n 2 {m+n 2 +n 3 ) \J ni+n 2 +n 3 ' 

n = 71 ! P ~ 

yn2 "3 (ru+ii2+™ 3 ) V ni+n 2 +n3' 

9n 3 n 3 — (m+n 2 +n 3 ) \J ni +n 2 +n 3 ' 

We thus again see that in this case too the determinant of the metric tensor re- 
mains zero. In this case, the constant entropy curve is given by: p(n\+n2 +n^) = c, 
for some real constant c. Now let us consider the most general case of the fractional 

small black hole microscopic entropy, S = In dpf ~ Air^/Np — ^\J^2!i=i n iP- Here 
again one may find that the components of associated Ruppeiner metric are, 



El 



9pp 

9 P n z = 1 = , and 

p(£«=i "0 



Jrnrij 



(E,=i n ')VE,=i n 



Vi,j = 1,2,..., k. 



It is again not difficult to see that the determinant of the metric tensor remains 
zero for any finite number of clusters corresponding to wrapped Z?2 branes residing 
on any of the 2Ap bosonic chiral primary states. Hence the state-space geometry 
of the equilibrium microstates based on the large charge small black hole entropy 
obtained from the fractionation of Do branes is degenerate for any finite numbers 
of clusters and thus the corresponding state-space geometry turns out to be ill- 
defined. Our conclusion that the state-space geometry of N fractional branes with 
electric charges {rii}f =1 corresponding to k clusters in the background of D4 brane 
with magnetic charge p is everywhere ill-defined, is in very well accordance with the 
principle of mathematical induction. As determinant of the metric of state-space 
geometry is trivially zero for i = 1. We have shown that it remains zero for i = 2 
and i — 3 and thus the results hold for i = fc,Vfc G Z. Further, it is easy to see 
that the curve: (rii + n 2 + . . . + rik)p = c describes the constant entropy curve in 
the state-space of fc-clustered small black holes. Therefore, it seems to be certain 
problems in the application of the OSV formula to the two charged small black 
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holes [781 175] and thus needs some further investigations. 

6 Mathur's Fuzzball Proposal and Subensemble 
Theory: Fuzzy Rings 

In this section, we shall study certain aspects of the state-space geometry for the 
case of two charge extremal black holes with an angular momentum J from the 
perspective of Mathur's fuzzball proposal and subensemble theory [50]. In this 
picture one can construct the classical space-time geometry with a definite horizon 
when many quanta of the underlying DiD^P CFT lie in the same mode. But in 
general a generic state will not have its all quanta placed in a few modes, so the 
throat of the black hole space-time ends in a very quantum fuzzball [2H1 HU [82] • 
It is however interesting to note that the actual microstates of the system in the 
fuzzball picture do not have horizon, but it is rather the area of the boundary of 
the region where microstates start differing from each other satisfies a Bekenstein 
type relation with the entropy inside the boundary. Moreover, different microstates 
according to string theory are 'cap off' before reaching the end of the infinite throat 
and thus give rise to different near horizon space-time geometries. In particular, 
the throat behaves as the inverse of the average radius of fuzzballs. Thus the 
Bekenstein entropy may be obtained from the area of the above stretched horizon 
with a statistical interpretation as a coarse graining entropy. 

6.1 The Fuzzball Proposal 

It is the associated state-space geometry of the entropy of this rotating two charge 
system that we would like to construct whose dimension is equal to the number 
of the actual number of the parameters characterizing the brane microstates. We 
shall study this state-space of a black ring whose CFT deals with n\ number of 
D\ brane having charge Q and number of D5 brane having charge P. In the 
case of two charge extremal holes carrying an angular momentum J which appears 
quite naturally in the string theory, one finds the stretched horizon entropy to be 
S(ni,ri5, J) = cy/nin^ — J. In other words, as Q ~ m and P ~ 715. So for some 
value of c we may write the ring entropy in terms of the charges Q and P to be 
S(Q, P, J) = CVQP - J, see for detail [Ml ED [82]. 

The state-apace geometry constructed out of the equilibrium state of this rotat- 
ing two charged extremal black ring resulting from the entropy may now be com- 
puted as earlier from the negative Hessian matrix of the entropy with respect to the 
charges and angular momentum. Note that the understanding of the state-apace 
geometry based on the stretched horizon requires the classical time scale limit of 
fuzzball. This is because the size of fuzzball is made by the generic states such that 
its surface area in leading order satisfies Bekenstein type relation with the entropy 
of the fuzzball whose boundary surface becomes like a horizon only over classical 
time scales. We see that the components of the metric tensor are explicitly given as, 
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It is easy to observe as in the previous examples that the Ruppeiner metric is 
non-degenerate and regular everywhere. The determinant of the metric tensor is 
||<7|| = — jqC 3 (PQ — J)~ 5 / 2 and thus is non-zero for non-zero charges. The state- 
space scalar curvature in the large charge limit in which the asymptotic expansion 
of the entropy of the rotating two charge ring is valid, may easily be computed to 
be R(P, Q, J) = -^(PQ - jy 1/2 . Notice that the scalar curvature R(P, Q, J) is 
a regular function of (P, Q, J) and thus this system corresponds to everywhere well- 
defined interacting statistical system. It is remarkable that the constant entropy 
curve in the state-space for any non-zero rotation takes the form: PQ — J = k, 
which is just a hyperbolic paraboloid on which the state-space geometry turns out 
to be well-defined, interacting statistical system. Note however that the limit J — > 
makes the state-space geometry to be ill-defined which in turn is the same case as 
that of the case of the small black holes. Now we shall discuss some relations 
between our state-space geometry and Mathur's fuzzball proposal of constructing 
microstates that define a subensemble of the rotating black holes. 

6.2 Subensemble Theory 

As mentioned in connection with the Mathur's fuzzball proposal that the mi- 
crostates of an extremal hole can not have singularity. Here we find in this picture 
that even an intrinsic Riemannian manifold of the equilibrium microstates remains 
non-singular. In other words, the regularity of the state-space geometric curvature 
invariant indicates the fact that the intrinsic Riemannian geometry constructed out 
of the microstates of rotating two charge ring as the maxima of the entropy remains 
also regular. The absence of divergences in the scalar curvature consequently implies 
that the underlying state-space of rotating two charge ring is thermodynamically 
stable and thus there are no phase transitions. Moreover, the non-zero R(P,Q, J) 
indicates that the state-space of the extremal D\D$J system corresponds to an 
underlying interacting statistical system. 

We now indicate the nature of our state-space geometry form the view-points of 
the Mathur's subensemble theory. In this perspective, let us consider the conserved 
quantities of the ring, which are here the charges P, Q and the angular momentum 
J, and consider a subset of the states that defines the subensemble. Let there be 
some large M number of such subensembles in which entropy of ring is S(n 1 ,n 5 , J) 
for given any ensemble in which the total entropy of the ring is $(711,715, J). Then 
entropy in each subensemble is given by S(n 1 ,n 5 , J) — 4jS(nx,n5, J), see for details 
[28],l8T, 82J. Therefore, under the considerations of the subensemble theory, we can 
define as before the state-space geometry to be the negative Hessian matrix of the 
ring entropy in any given subensemble with respect to the conserved charges or 
number of branes with a rotation. Thus as a result, we see that the state-space 
scalar curvature in each subset gets reduced by some large factor, which in turn is 
precisely the number of subensembles. In particular, as M — > 00, we see that R — ► 0. 
Therefore each subensemble with some given number of microstates corresponds to 
a non-interacting statistical system in the infinite subensemble limit. Of course, 
our this conclusion remains true only in large charge and large angular momentum 
limit in which the computation of ring entropy is valid. But it has been shown in 
[83] that the corrections like space-time higher derivative terms do not spoils the 
leading order entropy and thus the associated state-space geometry. 

In the case of the subensemble of a two charge non-rotating extremal hole, we 
can easily find that the underlying state-space geometry remains ill-defined, as the 
norm of the Hessian matrix of the entropy with respect to the charges is zero. Thus 
the state-space geometry in each subensemble of D1D5 system without angular 
momentum is ill-defined at the leading order entropy. But it is known that the 
higher derivative corrections make the small black hole state-space geometry well- 
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defined, as there is non-zero subleading entropy arising from the higher derivative 
contributions. What happens really that actually in the limiting picture of angular 
momentum, these two rotating and non-rotating state-space geometries will marry 
each others in a given ergo-branch. In conclusion, the state-space geometry of 
rotating two charged extremal ring in a given ensemble is curved and corresponds 
to an interacting statistical system, whereas it ceases to be non-interacting in each 
subensemble with given number of the brane microstates. However, this fact looses 
it's meaning for the case of a non-rotating two charge extremal holes, and the 
underlying state-space geometry becomes ill-defined in either an ensemble or in a 
subensemble of given any ensemble. 

7 Bubbling Black Brane Solutions: Black Brane 
Foams 

In this section, we analyze the state-space geometry of the equilibrium microstates 
of certain foamed black branes having three charges which appears naturally in the 
supergravity bubbling solutions, see for details [551 1551 I5H 155] . 

7.1 A Toy Model: Single GH-center 

As a first toy model example of the state-space geometry arising from the entropy 
of a foam, we consider M-theory compactified on T 6 in large N limit, then one 
has flux parameters which may be written in terms of brane charges. Thus there 
is an associated entropy which is independent of the number and charges on the 
Gibbons-Hawking base points. The origin of this entropy lies solely in the possi- 
ble number of the choices of positive quantized fluxes on topologically non-trivial 
cycles. These cycles in turn satisfy some constraints, which in particular is that 
the supergravity and worldvolume descriptions have the same relations between the 
brane parameters which thus determines the entropy of the foam. In particular, 
when one considers the flux parameters {kj , kf , fcf } to be positive half integers, the 
leading order topological entropy coming from the contributions of {kj} may be 
written as [55J: S(Qi, Q2, Q3) '■= f V^ C^q^ 3 )^ 4 - In this case, as stated earlier that 
the state-space metric of the microstates characterizing the foam is given by the 
negative Hessian matrix of the foam entropy with respect to the extensive brane 
charges and thus is found to be, 
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It may be easily seen that the determinant of the metric tensor is ||g|| = 
~ ( Q2Q3 )~ 5 ^ 4 - Now, one can obtain the associated Christoffel symbols, covari- 
ant Riemann tensors, Ricci tensors in the usual ways, for example the components 
of the covariant Ricci tensor are given by, 
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Finally, the state-space Ricci scalar can be written to be R = — ^T/g ( chQ 3 ) 1 ^ 4 - 
We see that the Ricci scalar is non-zero and everywhere regular function of the 
{Qi, Q2, Q3} and thus the underlying statistical system of an unidirectional foamed 
three charge black brane is everywhere well-defined and interacting for all {Qi, Q2, Qs}- 
Further, it is easy to see that the constant entropy curve in the state-space corre- 
sponding to the fc-direction of the flux parameter is given by the relation: QiQj = 
cQki where c is a real constant. Notice further that the same curve describes the 
constant scalar curvature curve in the state-space, with some different real constant. 

7.2 Black Brane Foams 

Now we consider the factors coming from the partitioning of all flux parameters 
{kj, kf , kf}, then the leading order topological entropy of the three charged black 
foam characterized by the charges Q\, Q2 and Q3 is given as [33]: S(Qi, Q2, Q3) ■= 
-^{(^r) 1/4 + (^r) 1/4 + (tjt 2 -) 174 }- A straightforward computation yields the 
components of state-space metric tensor of the foam microstates which in this case 
are characterized by the three conserved charges carried by the black brane foam, 
and in particular are given by, 




The determinant now takes simple form \\g\\ = — (Q1Q2Q3) 1374 fi(Qi, Q2, Q3), 
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We thus observe a non-degenerate metric for the state-space geometry at extremality 
as an intrinsic quotient Ricmannian manifold. In this case again the Tijk, Riju, Rij 
are not difficult to obtain. The curvature scalar in the state-space geometric frame- 
work may easily computed to be, 
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The curvature scalar is thus finite and everywhere regular for all well-defined 
foam charges {Qi, Q2, Q3}, except for the case of fx(Q%, Q2, Q3) = 0. It is however 
interesting to note that in the large charge limit at which the entropy computation 
is valid, we see that whenever /2(Qi, Q21 Q3) 7^ 0, the underlying scalar curvature 
is a non vanishing function of the brane charges, and thus indicates an underlying 
interacting statistical system. We may easily see that the underlying state-space 
geometry is well-defined only as an intrinsic quotient Riemannian manifold, M :— 
M 3 \B, where the set of charges B is defined by B := {(Qi, Q2, Qs)|/i(Qi, Q2, Q3) = 
0}. Moreover, we observe that in this case for some real constant c, the constant 
entropy curve is defined by the equation: ) 1/4 + ( S ^) 1/4 +(^3 ) 1/4 = c. We 

see easily that in this case it is not the same case as that of the previous subsection 
but rather here the curve of constant curvature scalar is given by fi(Qi, Q2, Q3) — 
Kf2{Qi, Q21 Q3)- Furthermore, this system with non-zero three flux parameters 
corresponds to a non-interacting statistical system on a hypersurface defined by 
the equation f2(Qi,Q2,Q3) = 0. Note however that the entropy considered here 
is the one arising from the usual two derivative terms in the low energy effective 
supergravity action which is consistent with the area law. Certainly, the entropy 
expression will be modified by contributions from the higher derivative terms in the 
effective action or the corrections arising from the topological Chern numbers, see 
for example [SB] in the case of microscopic description. This would consequently 
modify the equilibrium microstates and thus the corresponding state-space geometry 
including the curvature scalar. 

In this section we have thus explored the state-space geometry of a large family 
of smooth three charged BPS space-time geometries. We find that in the case of 
large number of two cycles, a large class of these black brane foams having the 
correct charges and angular momenta defines a non-degenerate, intrinsic Rieman- 
nian geometry which may realize the correlations among the microstates of a three 
charged maximally spinning BPS black hole in five dimensions just by calculating 
the equilibrium state-space metric tensor and the associated scalar curvature. It 
is well known that this solution can be dualized to a frame of the DiD 5 P charges 
which is asymptotic to AdS^ x S 3 x T 4 [57]. Hence we can have some clue of the 
two point correlation functions of the dual DxD^P-CFT states. This may allow us 
to find whether the typical correlation functions of black brane CFT microstates 
are dual to the thermodynamic correlation functions arising from the Gaussian 
fluctuations of the topological entropy of bubbling brane solutions. 

8 Discussion and Conclusion 

In this paper, we have discussed state-space geometry of various interesting cases 
of string theory extremal and non-extremal black brane solutions with or without 
higher derivative a'-corrections, multi-centered black brane configurations, fuzzy 
rings and bubbling black brane foam solutions in M -theory. We find in all such 
cases that the underlying state-space geometry is well-defined and everywhere reg- 
ular, intrinsic (quotient) Riemannian manifold. For instance, the simplest exam- 
ple analyzed is the case of R -corrected non-supersymmetric extremal small black 
holes in four dimensions for which the state-space is everywhere well-defined and 
corresponds to a non-interacting statistical system. The fact that the various state- 
space geometry turned out to be everywhere regular is in perfect agreement with 
another fact that such BPS black branes are stable objects even under the consid- 
eration of higher derivative corrections, or brane fractionation, or Mathur's theory 
of subensemble, or M-theory bubbling black brane configurations. 
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We have in turn investigated the state-space geometry arising from the entropy 
of the extremal black branes as a bound states of large number of microstates having 
certain number of electric-magnetic charges and angular momenta as well as that 
of the mass associated with the non-extremal black brane configurations. In the 
first case of an stringy extremal black hole whose microstates are just the winding 
and momentum modes of a heterotic string carrying m number of winding and 
rip number of momentum leads to the large charge microscopic entropy S m i cro = 
2y/2nin p . Macroscopically, the entropy of this two charged black hole may be 
computed by considering D4 and D -branes in a specific compactification such as 
T 6 or K 3 x T 2 down to the usual Minkowskian space-time, then one finds that 
leading order entropy vanishes. 

But the higher order stringy corrections like the i? 2 -corrections modify the usual 
Einstein-Hilbcrt action and then with such corrections one finds that the horizon 
area is being stretched which in turn leads to a non-zero black brane entropy. The 
microscopic calculation of the entropy for n number of D -branes and 714 number of 
D4-branes deals with the counting of the weakly interacting D-brane ensemble and 
in particular, it turns out that Smicro — 27r-^/ tlqtl^. = Smacro- We have here shown 
that the state-space geometry associated with this system is ill-defined which may 
easily be seen from the determinant of the negative Hessian matrix of the entropy 
with respect to the charges carried by the branes. Further, this result holds for 
any constant entropy curve whose state-space coordinates lies on a rectangular 
hyperbola. 

However, on the inclusion of the i? 4 -higher derivative corrections in the space- 
time for the case of the non-supersymmetric two charge small black holes, we find 
that this state-space geometry becomes a well-defined intrinsic Ricmannian geome- 
try. A more closure look of such corrected state-space geometry of the equilibrium 
microstates for the two charged small black holes reveals to the conclusion that the 
state-space of non-supersymmetric two charge small black holes with quartic cor- 
rections is a non-interacting statistical system and thus it indicates that there are 
no thermodynamic instabilities and phase transitions anywhere in this state-space 
whose constant entropy curve takes the form of a hyperbola. Moreover, the similar 
results hold for three and four charged tree level extremal black holes whose state- 
space geometry takes the same form of the associated metric tensors and in turn 
yields everywhere regular scalar curvatures corresponding to the charged extremal 
black hole configurations. In these cases, it turns out that the determinant of the 
metric tensors and the scalar curvatures both scale as the inverse of the square root 
of the leading order brane entropies and the constant entropy curve in the associated 
state-space takes the form of some higher dimensional hyperbola: FJ i rii = c 2 . 

The state-space geometry for the non-extremal black holes turns out to be more 
interesting from the view-points of the underlying interactions that are present 
among the bound states of the brane-antibrane pairs. As a non-extremal black hole 
configuration is obtained by adding the corresponding anti-branes to the extremal 
black brane configurations. In particular, the microscopic description of a simplest 
non-extremal D\ , D§ system requires a string with some extra energy having large 
amount of winding and D 5 brane charges which in turns creates the equal amount 
of momenta running in the opposite direction of the S . In this case the state-space 
metric tensor computed as the negative Hessian matrix of the entropy implies a non- 
zero determinant of the metric tensor for any set of given non-zero brane-antibrane 
charges. In particular, we find that the state-space geometry of the four charged 
non-extremal DiD^P black hole system is non-degenerate. The curvature scalar 
with such non-extremal contributions turns out to be non-zero, except for a set of 
the roots of a two variable polynomial f(n p ,rTp~) as a function of the two momenta 
running in the opposite directions of the S . This polynomial in the state-space 
may easily be seen to be the function of the charges and anti-charges running on 
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the S 1 which in turn yields an everywhere regular intrinsic Riemannian manifold 
and thus corresponds to an interacting statistical system, except at the roots of 
the f(n p ,n^) on which the underlying statistical system becomes a non- interacting 
statistical system. In this case we find that the constant entropy curve is no more 
a standard hyperbola as that of the extremal black branes but it is given to be 



One can further extrapolate the above leading order entropy to a non-large 
charge domain, where the microstates are no longer close to the supersymmetric 
states and thus deals in one stroke with all the special extremal and near-extremal 
configurations. For example, it is not difficult to explore the state-space geometry 
arising from the leading order entropy expression of the equilibrium microstates of 
the 6 charge anti-charge non-extremal black hole in D — 4. We see that state-space 
geometry defined as the negative Hessian matrix of the entropy with respect to 
the conserved charges-anticharges carried by the black hole is non-degenerate for 
all non-zero brane-antibrane charges except for a set B of brane-antibrane charges 
defined by the roots of the determinant of the state-space metric tensor. Thus this 
state-space geometry remains well-defined only as an intrinsic quotient Riemannian 
manifold N := M 6 \ B. The scalar curvature in this case may further easily be 
computed by using the intrinsic Riemannian metric as the negative Hessian matrix 
of the corrected entropy with the non-extremal contributions and in turn we have 
shown that the state-space geometry has the similar nature to that of the non- 
extremal charge-anticharge KK system. It is worth to mention that in this case the 
constant entropy curve is a non-standard curve: (y / ni + i/^TXv 7 ^ + \/™2)(V™3 + 
y/mi) — c, where c is a real constant. 




It is worth to note that some components of the covariant Riemann tensors may 
diverge at the roots of the some polynomials of lower degrees as the functions of 
the charges-anticharges, while those components of the covariant Riemann tensors 
which comes with the equal brane-antibrane components diverge differently as the 
roots of a single higher degree polynomial. We also observe that certain components 
of the covariant Riemann tensors may become zero for certain values of charges- 
anticharges. Furthermore, it is not difficult to see that the Ricci scalar curvature 
diverges on the set B of the roots of the determinant of the metric tensor, as well 
as it becomes null on some single higher degree polynomial, and exactly at these 
points in the state-space of the underlying extremal or near-extremal, or that of a 
general black hole system becomes a non-interacting statistical system. 

It is important to note further that the nature of the non-extremal black hole 
state-space with the addition of the KK-monopoles as a non-trivially fibered circle 
follows the same pattern as before as a function of charges-anticharges. In this 
case too, we see that there exists the same pattern of the state-space geometry 
and that the constant entropy curve retains the similar expression to that of the 
three charge non-extremal black holes. The conclusion to be drawn thus remains 
the same that the underlying state-space geometry is well-defined as an intrinsic 
quotient Riemannian manifold N := Mg \ B, where the set B is defined as the set 
of the roots of the determinant of the metric tensor of the underlying state-space 
geometry, which in turn is characterized by the charges and anti-charges carried by 
the non-extremal black hole. 

The state-space geometry containing the four charged single centered black brane 
configurations and that of the multi-centered black brane molecule configurations 
may be examined under the considerations of the pin-sized Z)-brane systems. In 
particular, it turns out that the state-space geometry arising from the counting 
entropy of the microstates of the entropically dominant multi-centered D§D±DiD§ 
black holes is weakly interacting statistical system in contrast to the case of the 
single centered black holes. Note that this observation is in turn consistent with 
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fact that the existence of the multi-centered black hole bound states depends on 
the choice of vacuum, and such multi-centered black hole configurations in the weak 
string coupling limit collapse to a single D-brane configuration. However, we see 
that in the suitable parameter regimes, the uniform large charged multi-centered 
configurations dominate the single centered configurations. We have shown that 
the state-space geometric implication for the case of D & DiD 2 D system with a 
charge vector Y obtained by wrapping D4, D2 and Dq branes around various cycles 
of a three two-tori X := T 2 x T 2 2 x T 2 on which the type IIA string theory is 
being compactified indicates that there exists two regions in the state-space which 
respectively deal with a single centered and multi-centered solutions for a scaling 
T — > Ar. In particular, the interactions present in the state-space for the case of the 
two centered solutions scale as A~ 3 while they scale as A~ 2 for the single centered 
D-brane configurations. 

It turns out that the state-space geometry in the entropy representation ob- 
tained from the negative Hessian matrix of the entropy with respect to the Z)-brane 
charges has a positive definite constant determinant and thus this state-space de- 
fines a well-defined non-degenerate intrinsic Riemannian geometry, which in turn is 
parameterized by the D-brane charges {r := (pO,p,q,qO)}. We have observed that 
the corresponding scalar curvature of this state-space manifold is non-zero, positive 
and everywhere regular function of the D-brane charges. Moreover, this fact seems 
to be universal which is related to the typical form for the state-space geometry 
arising from the negative Hessian matrix of the black brane entropy. As with the 
standard interpretation of the state-spaces geometry, the non- vanishing of the scalar 
curvature describes that the underlying statistical system is in general interacting 
for the D^D/JJiDq configurations. Note that the absence of the divergences in the 
scalar curvature indicates that this system is thermodynamically everywhere stable 
and thus there are no any phase transitions or any such critical phenomena in the 
state-space manifold of this Z?-brane system whose constant entropy curve is given 
by: 4p 3 q0 - 3p 2 q 2 - GpOpqqO + ApOq 3 + (pOqO) 2 = c. 

It is worth to mention that the case of a single centered black hole configuration 
and that of the double centered black hole configurations, which are respectively 
described by a total charge center Y := A(0,6, 0,-12) and the two charge centers 
r a = (1, 3A, 6A 2 , -6A) and Y 2 = (-1, 3A, -6A 2 , -6A), wc find that the state-space 
scalar curvatures remains non-zero, positive quantities and in particular, take the 
same numerical values for the case of the two charge centers Ti and r 2 . Therefore, 
we predict from this information that the correlation volumes remain identical in 
the two sub-configurations of a double centered black brane configuration. It is thus 
instructive to note that the nature of interactions present in the underlying state- 
space manifold corresponding to the single and doubled centered configurations 
behaves differently. In particular, we see that the state-space scalar curvature of 
the double centered configurations ceases to zero more faster than that of the single 
centered configurations in the limit of A — > 00. It may further be indicated that the 
two point correlations becomes very small in the uniform large charge limit with 
fixed moduli at the infinity, and thus they both should indicate a weakly interacting 
statistical system. This is indeed the correct picture as the calculation of the entropy 
is based on the consideration that such a brane configuration is a bound states of 
the weakly interacting D-branes. 

On other hand, in order to make contact of our state-space geometry with the 
brane fractionation, we have considered the chiral primaries of SU(1,1 \ 2)z in a 
supersymmetric ground states of N = 4 supersymmetric quantum mechanics of 
the D-branes associated with the two charge extremal small black holes having 
AdS2 x S 2 near horizon geometry which are obtained in the compactification of 
type IIA string theory either on K3 x T 2 or that of on T 6 . In particular, it is known 
from the perspective of fractionation of branes that this consideration deals with 



23 



the Do, D4-branes wrapping either K3 or T 4 where the 24p bosonic chiral primaries 
with total N unit of Do-brane charge in the background of the £>4-brane with p 
unit of the magnetic charges implies that the counting degeneracy arising from 
the combinatorics of the total charges on the -Do-brane splitting into rij number 
of fc-small clusters such that on each cluster corresponding to wrapped D 2 -branes 
residing on either of the 24p bosonic chiral primary states satisfying JZ i=1 rii = N 
corresponding to the states at the fixed N th -\eve\ in an underlying (1 + 1)-CFT 
renders to the celebrated microscopic entropies in either cluster. The state-space 
geometry thus computed from the negative Hessian matrix of such a fractional brane 
entropy for any arbitrary finite number of the clusters in which the total iV unit 
of the Do-brane charge splits turns out to be a degenerate intrinsic Riemannian 
manifold. Further, it is easy to see that this ill-defined state-space geometry of N 
fractional branes with {rii}^ =1 electric charges corresponding to the fc-clusters in 
the background of r>4-branes having p unit of magnetic charges may be defined by 
the curve: (ni + n 2 + ■ ■ ■ + nk)p = c which in fact describes the constant entropy 
curve in the state-space of fc-clustered small black holes. 

In order to acquire further supports with the recent microscopic studies of black 
hole physics, we have investigated that the state-space geometry of two charge 
extremal black holes with an angular momentum renders to be very illuminating 
from the perspective of the fuzzballs and subcnscmble theory. In particular, we 
have considered many quanta of the underlying D1D5P-CFT lying in the same 
mode which defines the classical black hole space-time geometry with a definite 
horizon. As in general for a generic state all the quanta may not be placed in 
a few modes, so the throat of the black hole space-time ends in a very quantum 
fuzzball. Further with the fact that the actual microstates of this system do not have 
horizon, but it is the boundary region of the microstates where they start differing 
from each other and the entropy enclosed inside the surface area of this boundary 
as a coarse graining statistical interpretation satisfies a Bekenstein-Hawking type 
relation which in turn leads to the fact that there exists a non-singular intrinsic 
Riemannian manifold of the equilibrium microstates in the fuzzball theory. This 
is in perfect accordance with the ideas of the stretched horizon which arises from 
the fact that the different microstates are caped off before reaching the end of the 
infinite throats and thus have different near horizon space-time geometries. 

In particular, we have shown that the state-space constructed out of the equi- 
librium microstates of an extremal black ring whose CFT deals with n\ number of 
Di brane having charge Q and n 5 number of D 5 brane having charge P carrying an 
angular momentum J is a non-degenerate, everywhere regular intrinsic Riemannian 
manifold. This is due to fact that the determinant of the metric tensor is non-zero 
and the state-space scalar curvature in the large charge limit in which the asymp- 
totic expansion of the entropy of the rotating two charge ring is valid turns out to 
be a non-zero, regular function of (P, Q, J) which is in perfect accordance with the 
Mathur's fuzzball proposal that the microstates of an extremal hole can not have 
singularity. The absence of the divergences in the scalar curvature consequently 
implies that the underlying state-space of rotating two charge ring is thcrmody- 
namically stable and thus there are no phase transitions. As a consequences, this 
system corresponds to everywhere well-defined interacting statistical system whose 
constant entropy curve in the state-space for any non-zero rotation takes the form 
of a hyperbolic paraboloid on which the state-space geometry is well-defined. It is 
worth to mention that the underlying state-space geometry turns out be ill-defined 
in the vanishing angular momentum limit which in turn is the same case as that of 
the small black holes. 

We have further indicated the nature of our state-space geometry of such a ring 
form the perspective of Mathur's subensemble theory. In particular, we considered 
the conserved charges and angular momentum of the ring and focused our atten- 
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tion in a subset of the microstates that defines the subensembles such that the total 
ring entropy as an additive thermodynamic quantity remains conserved. Under this 
consideration, we find as before that the state-space geometry defined in any given 
subensemble as the negative Hessian matrix of the ring entropy in the large charge 
and large angular momentum limit with respect to the conserved charges or the 
number of branes to be a non-degenerate and everywhere regular, curved, intrinsic 
Riemannian manifold. Moreover, we see that the state-space scalar curvature in 
each subset gets precisely reduced by the number of the subensembles. In partic- 
ular, each subensemble with large number of given microstates corresponds to a 
non-interacting statistical system in the infinite subensemble limit. It is worth to 
mention that the higher derivative space-time corrections do not spoils our state- 
space geometric conclusions as the associated extremal ring entropy remains intact 
under such corrections, see for details [55] , 

In the case of vanishing angular momentum, we have demonstrated that the 
state-space geometry under any subensemble of a two charge non-rotating extremal 
holes is ill-defined. This may easily be read off from the norm of the state-space 
Hessian matrix of the entropy with respect to the brane charges. Thus the state- 
space geometry in each subensemble of -D1-D5-CFT without angular momentum 
is ill-defined at the leading order entropy. However, in this case it is known that 
the further higher derivative contributions arc nontrivial and thus the non-zero sub- 
leading small black hole entropy corresponds to a well-defined state-space geometry. 
One interesting aspect of our geometric study is that in a given ergo-branch these 
two rotating and non-rotating state-space geometries will marry each others in the 
limiting picture of angular momentum in either an ensemble or any subensemble of 
the given ensemble. 

As a final exercise, we have analyzed the state-space geometry of a three charged 
foamed bubbling black brane supergravity configurations from the perspective of the 
large N limit of M-theory compactified on the T 6 . In particular, the origin of the 
entropy of the foam is independent of the number of charges and Gibbons-Hawking 
base points but it solely lies on the number of possible choices of positive quantized 
fluxes on each topologically non-trivial cycles defining the extensive brane charges in 
terms of the associated flux parameters to be either positive half integers or positive 
integers. We have shown that the state-space geometry arising from the negative 
Hessian matrix of the foam entropy associated with the single center Gibbons- 
Hawking base points with respect to the extensive brane charges is a non-degenerate, 
everywhere regular, curved intrinsic Riemannian manifold. In this case, it turns out 
that the underlying statistical system of such a three charge unidirectional black 
foamed is everywhere well-defined and is an interacting statistical system for the 
extensive brane charges. Furthermore, it is shown up to the scaling that the both 
constant entropy curve and constant state-space curvature curve are defined by 
the constraint QiQj = cQk, where the non-zero flux lies in the fc-direction of the 
state-space of the three charged black foam. 

In the most general consideration, when all the flux factors coming from vari- 
ous partitioning of all flux parameters contribute to the leading order topological 
entropy of the three charged black brane foam, we have shown that the state-space 
geometry characterized by the entropy as a function of the three conserved charges 
of the black foam pertains to be a non-degenerate intrinsic Riemannian manifold, 
except for the case of /i(Qi, Q2, Q3) = 0. In this case further, it turns out that the 
state-space scalar curvature is everywhere regular and finite function of the foam 
charges and thus it indicates an underlying interacting statistical system, except for 
the case of /2(<3i, Q2, Qz) — 0. Furthermore, it is worth to mention that the un- 
derlying state-space geometry is defined by: (^1 ) 1/4 + ( S ^ 2 ) 1/4 + (^p) 1/4 = c 
constant entropy curve and in turn remains well-defined as an intrinsic quotient 
Riemannian manifold M := M3 \ B, where the set of charges B is defined as a set 
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of the roots of the determinant of the state-space metric tensor. In this case it is 
easy to see that it is not the same case as that of the case of a three charge unidi- 
rectional black brane foam but rather the constant scalar curvature curve turns out 
to be a non-trivial constraint on the state-space /i(Qi, Q2, Q3) = Kf 2 {Qi,Q2,Q3) 
for some K e R. It is worth to emphasize that the state-space of a three charge 
black foam with three non-zero flux parameters becomes a non-interacting statisti- 
cal system on a hypersurface f2(Qi, Q2, Q3) = 0, whereas that of the three charge 
unidirectional black foam is always an interacting statistical system. 

Note however that the state-space geometry of the black brane foams thus con- 
sidered is the one arising from the entropy obtained from the leading order con- 
tributions of a low energy effective supergravity action but certainly the entropy 
expression will be modified by the contributions coming from the higher deriva- 
tive corrections arising from topological Chcrn numbers which would consequently 
modify the equilibrium state-space geometry of the black foams. However, the 
state-space geometries explored for a large family of smooth three charged BPS 
space-time geometries indicates that the nature of the correlation volume and that 
of the two point correlation functions among the microstates of a three charged 
maximally spinning BPS black hole in five dimensions as well as that of a large 
class of black brane foams having the correct charges and angular momenta may 
easily be analyzed in the case of large number of two cycles. It is further instructive 
to investigate in more details whether such correlations in the state-space arising 
from the Gaussian fluctuations of the topological entropy of the bubbling black 
brane configurations are the same as that of those obtained from the corresponding 

dual DiAiP-CFT's. 

It is worth to note however that the construction of any state-space manifold 
whose constant entropy curve is a /c-rectangular hyperbola in a given S, T-duality 
basis is ill-defined. This in turn is the case of the state-space of the extremal small 
holes with fc-clusters of the -Do-branes. However, the underlying state-space may 
be made to be well-defined by adding one more coordinate to the constant en- 
tropy curve in the state-space. The simplest example of this case that we have 
demonstrated in detail is the fuzzy black ring whose constant entropy curve in the 
state-space is just the hyperbolic paraboloid. Therefore a further understanding 
of these matters will ultimately depend on how well the entropy of a given brane 
configuration can be understood. ^From the perspective of Wcinhold geometry, 
these effects are directly related to the moduli space geometry and thus one may 
try from a different view-point to understand the microscopic origin of thermody- 
namic geometry of extremal as well as non-extremal black branes arising from the 
consideration of the large number of coincident D-branes or M-branes. 

In other words, the study of covariant state-space geometry thus seeds light 
on the nature of the two point correlation functions and correlation volume of 
the underlying boundary conformal field theory; whether one would have a stable 
or unstable system from the view-points of a CFT. Therefore, it seems possible to 
understand a microscopic origin of thermodynamic singularities of the non-extremal 
black branes from the associated CFT data consisting of brane-antibrane pairs. 
In short, our geometric notions are important to understand the nature of the 
interactions present in the dual CFT of various extremal as well as non-extremal 
black holes and black branes arising from certain compactifications of either a string 
theory as well as that of a M-theory or vice-versa. 

Finally, in certain cases of our study of the state-space geometry, it is however 
found that the determinant of the state-space metric tensor is negative, whereas 
in some cases we find it to be positive definite. In particular, the foamed three 
charge black branes and fuzzy black rings has a negative determinant where as it 
is everywhere positive for the two centered D 6 D4D 2 D black holes. In the case 
of specific D-brane solutions, it seems thus that there is an attractor tree and 
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topological flow tree data but it is not the case with the charged black brane foams 
or fuzzy rings and thus their entropy needs some further corrections, which may 
possibly for example be the case of the non-perturbative instanton corrections. In 
conclusion, we have shown in all the cases considered in this article that there 
are no singularity in the state-space geometry of the black brane systems. Our 
geometric study of state-space thus supports the general conjecture that the interior 
of such black branes is non-trivial and there are no singularities in the state-space 
except those that arrive at the roots of the determinant of the metric tensor of 
the associated state-space geometry. It thus renders to the conclusion that such 
brane state-space geometries are in general non-degenerate, completely smooth, 
(quotient) intrinsic Riemannian manifolds for all well-defined charges of given any 
black brane configuration. Moreover, the fact that the underlying state-space of 
the brane solutions considered in this article is everywhere regular supports the 
Mathur's fuzzball proposal. 
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